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1. INTRODUCTION
Artinian serial rings are traditionally known as generalized uniserial
rings or Nakayama rings. These classical artinian rings were introduced by
w xNakayama 20, 21 over 50 years ago, and many ring theorists have studied
w x w x w xthese rings. Kupisch 12 , Murase 17, 18, 19 , and Fuller 5 have studiedÈ
these rings in relation to the so-called Kupisch series of primitive rightÈ
ideals.
w x w x w x w xIn the 1980s, Waschbusch 29 , Mano 13 , Haack 7 , Muller 16 , andÈ È
other authors have studied the question of whether these rings have
self-duality. However, Waschbusch has pointed out that Amdal and Ring-È
w xdal 1 has already proved self-duality for this class of rings.
w xIn 1978, Harada 8 introduced two new classes of artinian rings that
include QF-rings and Nakayama rings. The second author called these
rings H- and co-H-rings and studied them from a module theoretic point
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 w x w x.of view see 22 , 23 , and he obtained several fundamental results on
these rings. He has showed the unexpected result that the left H-ring and
 w x.right co-H-ring form the same class of rings see 24]26 . From this result,
together with the self-duality of Nakayama and QF-rings, the question of
whether left H-rings are self-dual is a natural one. We study this question
in this paper. Although we cannot solve this question, we will show that
the following three conditions are equivalent:
 .  .1 Every basic left H-ring resp. Nakayama ring has a Nakayama
isomorphism.
 .  .2 Every basic QF-ring resp. QF-Nakayama ring has a Nakayama
automorphism.
 .  .3 Every basic left H-ring resp. Nakayama ring has self-duality.
w xIn 7 , Haack has studied the self-duality of Nakayama rings. Although
w xhe did not succeed, his result 25, Proposition 3.2 states that basic
QF-Nakayama rings have Nakayama automorphisms. So, combining this
result with our theorem, we can confirm the self-duality of Nakayama rings
from our point of view. Furthermore, in our current investigation, we
were able to show that left H-rings of homogeneous type have Nakayama
isomorphisms; so these rings have self-duality. We note that the class of
indecomposable Nakayama rings with a strictly increasing admissible se-
quence is contained in the class of left H-rings of homogeneous type. For
w x w x w x w x w xinformation on H-rings, we refer the reader to 3 , 8 , 9 , 11 , and 28 .
Throughout this paper, all rings considered are associative with identity,
 .and all R-modules are unitary. By M resp. M we mean that M is aR R
 .  .right resp. left R-module. For an R-module M, we denote, by E M ,
 .  .J M , and S M , the injective hull, the Jacobson radical, and the socle
 .  .  .of M, respectively. And by M s J M = J M = J M = ??? and0 1 2
 .  .  .0 s S M : S M : S M : ??? , we indicate the descending and as-0 1 2
 .   ..cending Loewy series of M, respectively, i.e., J M s J J M andi iy1
 .  .   ..  .S M rS M s S MrS M . By M resp. M we denote the cate-i iy1 iy1 R S
 .gory of finitely generated left R-modules resp. right S-modules .
Let R be a left artinian ring and let e and f be primitive idempotents of
 .  .  .  .R. If fRrfJ R ( S eR and RerJ R e ( S Rf , then we say that the pair
 .  .eR : Rf is an injecti¨ e pair i-pair . For the sake of convenience, we put
 .  .  .  .1 e, f s eR, fR s Hom eR, fR .R
 . w x w x  .2 e, f s Re, Rf s Hom Re, Rf .R
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 4Let e , e , . . . , e be a complete set of orthogonal primitive idempotents1 2 n
of R. We identify R with the matrix rings:
w x w xe , e ??? e , e e , e ??? e , e .  .1 1 n 1 1 1 1 n
. . . .. . . ., ,. . . . 0  0w x w xe , e ??? e , e e , e ??? e , e .  .1 n n n n 1 n n
e Re ??? e Re1 1 1 n
. .. .. . 0e Re ??? e Re1 n n n
 . w xunder the natural isomorphisms e R, e R ( e Re ( Re , Re .i j j i j i
 4Let R be a basic QF-ring and Q s e , . . . , e be a complete set of1 n
orthogonal primitive idempotents. For each e g Q, there exists a uniquei
 .f g Q such that e R: Rf is an i-pair. Theni i i
e e ??? e1 2 n /f f ??? f1 2 n
 4is a permutation of e , . . . , e . This permutation is called a Nakayama1 n
 4permutation of e , . . . , e or of R. If there exists a ring automorphism f1 n
 .of R satisfying f e s f , i s 1, . . . , n, then f is called a Nakayamai i
 w x.automorphism of R cf. 30 .
2. NAKAYAMA ISOMORPHISM
For later use, we shall generalize the concept of ``Nakayama automor-
phism'' to ``Nakayama isomorphism'' for basic artinian rings.
   ..Let R be a basic left artinian ring such that E RrJ R is finitelyR
 4generated, and let Q s e , e , . . . , e be a complete set of orthogonal1 2 n
   ..primitive idempotents of R. Since G s E RrJ R is finitely generated,R
w xM is Morita dual to M 2, 14, 15 . In particular, if R is isomorphicR EndG.
 .to T s End G , then R has self-duality. This is a principal result for the
study of self-duality. However, despite this result, it is not easy to find
those artinian rings that have self-duality; even if we could find an artinian
ring with duality, it seems to be difficult to show whether it has self-duality.
Finite-dimensional algebra over a field, QF-rings, and Nakayama rings are
typical classes of self-dual artinian rings. Now we shall define ``Nakayama
   .. nisomorphism'' as follows: Put G s E Re rJ Re , then G ( [ G ,i R i i is1 i
 .and therefore the endomorphism ring T s End G is identified with the
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matrix ring:
w x w xG , G ??? G , G1 1 1 n
.??? 0w x w xG , G ??? G , Gn 1 n n
 . w xLet f be the matrix such that its i, i -position is the unity of G , G andi i i
 4all other entries are the zero maps. Then f , f , . . . , f is a complete set1 2 n
of orthogonal primitive idempotents of T. Here, if there exists a ring
 .isomorphism f from R to T such that f e s f for all i, then we call it ai i
Nakayama isomorphism with respect to Q. Of course, when R is a basic
QF-ring, it is a just Nakayama automorphism of R.
Remark. If R has a Nakayama isomorphism f with respect to Q, then
R also has a Nakayama isomorphism with respect to any other complete
set of orthogonal primitive idempotents of R. In fact, for another complete
 4set G s g , g , . . . , g of orthogonal primitive idempotents of R, put1 2 n
X    ...  n X. XG s E Rg rJ Rg for all i and T 9 s End [ G . Let f be thei R i i R is1 i i
idempotent in T 9 that corresponds with f in T. If we assume that R has ai
Nakayama isomorphism f with respect to Q, then there exists an inner
w x.automorphism j of R 4, p. 42 and a ring isomorphism u : T ª T 9 such
 . Xthat ufj g s f and ufj is a Nakayama isomorphism with respect to G.i i
3. H-RINGS
 .A ring R is called a left Harada ring H-ring if it is left artinian and its
complete set Q of orthogonal primitive idempotents is arranged as follows:
 4Q s e , . . . , e , . . . , e , . . . , e ,11 1n1. m1 m nm.
where
 .1 Each e R is an injective module for each i s 1, . . . , m.i1
 .  .  .2 e R ( e R, or J e R ( e R for each k s 2, . . . , n i .i, ky1 i k i, ky1 i k
 .3 e R \ e R for i / j.i k jt
w x w xWe note that left H-rings are right artinian right co-H-rings 24 , 25 ,
w x w x.26 , 28 . The purpose of this paper is to study the self-duality of these left
H-rings. To investigate the self-duality of left H-rings, we may restrict our
attention to basic left H-rings, as concepts of left H-rings and self-duality
are Morita invariant. Therefore, from now on, we assume that R is a basic
left H-ring and Q is as above. In this case Q is arranged as
 4Q s e , . . . , e , . . . , e , . . . , e ,11 1n1. m1 m nm.
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for which
 .1 e R is injective for each i s 1, . . . , mi1
 .  .  .2 J e R ( e R for each i s 1, . . . , m, k s 2, . . . , n ii, ky1 i k
  .  . .EXAMPLE. Figer m s 2, n 1 s 3, n 2 s 2
e R e R11 21
 .  .e J R ( e R e J R (e R11 12 21 22
 .e J R (e R12 13
w xThe following basic result due to Fuller 6 is useful to our study.
PROPOSITION 3.1. For a primiti¨ e idempotent e in a right arinian ring R,
the following conditions are equi¨ alent:
 .1 eR is injecti¨ e.
 .  .2 There exists a primiti¨ e idempotent f such that eR: Rf is an i-pair.
In this case, Rf is also injecti¨ e.
 w x.PROPOSITION 3.2 see 21 . The following basic properties hold for our
left H-ring R:
 .  .1 For each e R, there exists a unique g g Q such that e R: Rg isi1 i i1 i
an i-pair; whence Rg is injecti¨ e.i
 .  .  .  .2 S Rg s S e R [ ??? [ S e R for each i s 1, . . . , m, k sk i i1 i k
 .  .1, . . . , n i . Therefore S Rg is a two-sided ideal.k i
 .  .3 Rg rS Rg is injecti¨ e as a left R-module and is isomorphic toi ky1 i
  ..  .E Re rJ Re for each i s 1, . . . , m, k s 1, . . . , n i .i k ik
 .In the above notations, by g , we denote the generator g q S Rgik i ky1 i
 .  .of Rg rS Rg for each i s 1, . . . , m, k s 1, . . . , n i , and puti ky1 i
G s Rg [ ??? [ Rg [ ??? [ Gg [ ??? [ Gg .11 1n1. m1 m nm.
   ..  .Since G is isomorphic to E RrJ R by 3 above, G is finitely gener-R
ated. So the category M of finitely generated left R-modules is MoritaR
 .dual to the category M of finitely generated right T R -modules viaT R.
 .  .  .the functor Hom y G , where T s T R s End G . Therefore weR , R T R
 .  .call this T R s End G the dual ring of R.R
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 .To investigate the structure of T s T R , we write
w x w xg , g ??? g , g11 11 11 m nm.
T s ,??? 0w x w xg , g ??? g , gm nm. 11 m nm. m nm.
w x  .where g , g s Hom Rg , Rg for all ij, kl. Let h be the matrixi j k l R i j k l i j
 . w xsuch that the ij, ij -position is the unity of g , g and all other entriesi j i j
 4are zero morphisms. Then F s h , . . . , h , . . . , h , . . . , h is a11 1n1. m1 m nm.
complete set of orthogonal primitive idempotents of T and T s h T11
[ ??? [ h [ ??? [ h T [ ??? [ h T. Furthermore, T has the fol-1n1. m1 m nm.
lowing nice properties.
PROPOSITION 3.3. T is a basic left H-ring such that
 .1 h T is injecti¨ e for each i s 1, . . . , mi1
 .  .  .2 J h T ( h T for each i s 1, . . . , m, k s 2, . . . , n i .i, ky1 i k
 .  .Moreo¨er, if e R: Re is an i-pair, then h T : Th is also an i-pair.i1 k t i1 k t
Proof. We use the following equivalent conditions, each of which
w xcharacterizes the left H-ring R 22 :
 .1 The class of all injective ``left'' R-modules is closed under taking
small covers.
 .2 The class of all projective ``right'' R-modules is closed under
taking essential extensions.
 .Since R satisfies 1 above and M is Morita dual to M , T is rightR T
 .  .artinian and satisfies the condition 2 above. Therefore T satisfies 1 ; so
 .T is a left H-ring. Since h T s Hom Rg , G , h T is injective fori1 R i1 i1
i s 1, . . . , m. From the exact sequence
f
0 ª S Rg rS Rg ª Rg rS Rg ª Rg rS Rg ª 0 .  .  .  .k i ky1 i i ky1 i i k i
we can obtain the exact sequence
f*
0 ª h T s Hom Rg , G ª h T .i k R ik i , ky1
s Hom Rg , G ª Hom S Rg rS Rg , G ª 0. .  .  . .R i , ky1 R k i ky1 i
Since the last term of the above exact sequence is a simple right T-module,
 .Im f* is a maximal submodule of h T. We assume that e R: Re isi, ky1 i1 k t
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 .  .an i-pair. Then we have g s e . Since S Rg ( Re rJ Re , therei1 k t k t k t k t
 .exists an epimorphism u : Rg ª S Rg . Then we have the exact se-i1 k t
quence
f*
0 ª Hom S Rg , G ª h T . .k t i1
s Hom Rg , G ª Hom J Rg , G ª 0. .  . .i1 i1
 .Therefore, Im f* s S h , T . On the other hand, from the exacti1 T
 .sequence 0 ª S Rg ª Rg , we have the exact sequencek t k t
h T s Hom Rg , G ª Hom S Rg , G ª 0. .  . .k t k t k t
 .  .Then we obtain an epimorphism h T ª S h T ª 0. By 2 of Proposi-k t i1
 .  .  .tion 3.2, we have that S Th s S h T . Thus h T : Th is an i-pair.T k t i1 T i1 k t
In view of this proposition, we see that the structure of T is very similar
to that of R. So it is natural to raise the following problem: Does there
 .exist an isomorphism f : R ª T satisfying f e s h for all ij; that is,i j i j
does R have a Nakayama isomorphism?
4. MATRIX REPRESENTATION
Let R be a basic left H-ring and let Q s e , . . . , e , . . . ,11 1n1.
4  4  .e , . . . , e and g , . . . , g be as in Section 2; i.e., e R: Rg is anm1 m nm. 1 m i1 i
i-pair for i s 1, . . . , m. Here we define two mappings:
 .  4  41 s : 1, . . . , m ª 1, . . . , m ,
 .  4   .4   .42 r : 1, . . . , m ª 1, . . . , n 1 j ??? j m, . . . , n m ,
 .  .   .by the rule s i s k and r i s t if g s e . We note that s 1 ,i k t
 .4  4  .   ... . . ,s m : 1, . . . , m and r i F n s i . We call s and r the represen-
tati¨ e row map and the representati¨ e column map of R, respectively. If
 .   ..  .r i s n s i for all i s 1, . . . , m, we call R a ring of type * . And if
 .s i s i for i s 1, . . . , m, we call R a left H-ring of homogeneous type.
 .We define R , which we call the i, j block of R, by puttingi j
e , e ??? e .  .j1 i1 jn j. , i1
R s ???i j  0e , e ??? e , e .  .j1 in i. jn j. in i.
e Re ??? e Rei1 j1 i1 jn j.
s .??? 0e Re ??? e Rein i. j1 in i. jn j.
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Then
R ??? R11 1m
R s .??? 0R ??? Rm1 m m
Corresponding with each e Re , we define modules P as follows:i k jt i k , jt
¡e Re s e , e i / j .  .i1 j1 j1 i1~e Re s e , e i s j, j F tP s  .  .i1 i1 i1 i1i k , jt ¢J e Re s J e , e i s j, k ) t . .  .  .i1 i1 i1 i1
We put
P ??? Pi1, j1 i1, jn j.
P s ???i j  0P ??? Pin i. , j1 in i. , jn j.
and define P as
P ??? P11 1m
P s .??? 0P ??? Pm1 m m
 4Noting that e ; i s 1, . . . , m are orthogonal idempotents, we see that Pi1
 .canonically becomes a ring. For example, i, i block component P is asi i
follows:
P P ??? Pi1, i1 i1, i2 i1, in i.
. . .. . ??? .. . . 0P P ??? Pin i. , i1 in i. , i2 in i. , in i.
e Re e Re ??? ??? e Rei1 i1 i1 i1 i1 i1
J e Re e Re ??? ??? e Re .i1 i1 i1 i1 i1 i1
J e Re e Re ??? e Re .s .i1 i1 i1 i1 i1 i1
. . . .. . . .. . . . 0
J e Re ??? ??? J e Re e Re .  .i1 i1 i1 i1 i1 i1
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 .Moreover, for each ik, jt , let D : P ª e Re be the additivei k , jt i k , jt i k jt
w xhomomorphism defined in 22, p. 182 by using isomorphisms e R (jt
 . ty1  .ky1e J R and e R ( e J R . In this paper, we frequently use thesej1 i k i1
homomorphisms. For completeness, we recall these definitions.
 .ky1  . ty1Let u : e R ª e J R and u : e R ª e J R be the isomor-1 i k i1 2 jt j1
phisms defined by the assumption. The homomorphism D is defined byi k , jt
the rule a ª uy1au for any a g P that is identified to an element of1 2 i k , jt
 .Hom e R, e R . This mapping is well defined. In fact, if i / j and k ) t,j1 i1
 .n i.  .ky1  .Im a : e J R : e J R s Im u note that R is a basic ring .i1 i1 1
 .  . ty1  .ky1If i s j and k F t, Im au : e J R : e J R s Im u .2 i1 i1 1
 .If i s j and k ) t, then a is not a unit, because a g P s e J R e .i k , i t i1 i1
 .n i.Therefore Im a : e J F : Im u .i1 1
We can easily see from the injectivity of e R that this homomorphism isi1
an epimorphism. Concerning homomorphisms D , the following basici k , jt
w x.results hold 22, Proposition 2 .
PROPOSITION 4.1. For D , the following properties hold.i k , jt
 .  .1 If j / s i , then D is an isomorphism.i k , jt
 .  .  .2 If j s s i and t F r i , then D is also an isomorphism.i k , r  i. t
 .  .  . 3 If j s s i and t ) r i , then Ker D s a g P ; ker ai k , s  i. t i k , s  i. t
 . r i.4  .  .s e J R s S e Re s S e Re .s  i.1 e R e i1 r  i.1 i1 s  i.1i1 i1
 .Let p be the element of P such that its ij, ij position is the unity ofi j
P and all other positions are zero. Then p , . . . , p , . . . ,i j, i j 11 1n1.
4p , . . . , p is a complete set of orthogonal primitive idempotents. Wem1 m nm.
define a map
D ??? D11 , 11 11, m nm.
D s : P ª R??? 0D ??? Dm nm. , 11 m nm. , m nm.
 .by componentwise maps. Since D D s D for each ik, jt andi k , jt jt, p q ik , p q
 . w xjt, pq by 22, Proposition 1 and D D s 0 for j / j9 or t / t9, Di k , jt j9t 9, p q
 .is a ring homomorphism and an epimorphism. By Proposition 4.1, Ker D
is determined as follows. Let
K ??? K11 1m
??? 0K ??? Km1 m m
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 .be the block decomposition of Ker D , where K is a subgroup of P .i j i j
 .Then K is a zero matrix for j / s i andi j
 .r i q 1^`_
0 ??? 0 S P ??? S P .  .i1, s  i.r  i.q1 i1, s  i.ns  i..
K s .??? ???is  i.  00 ??? 0 S P ??? S P .  .in i. , s  i.r  i.q1 in i. , s  i.ns  i..
In
P ??? Pi1, s  i.1 i1, s  i.ns  i..
P s ,???is  i.  0P ??? Pin i. , s  i.1 in i. , s  i.ns  i..
U  .   ..we replace P with P s P rS P for 1 F j F n s i ,i j, s  i.k i j, s  i.k i j, s  i.k i j, s  i.k
 .   .. Ur i q 1 F k F n s i , and denote it by P . For the sake of conve-is  i.
 .nience, we identify the ring RrKer D with the following matrix ring:
P ??? P PU P ??? P11 1, s 1.y1 1, s 1. 1, s 1.q1 1m
R* s .??? ???
U 0P ??? P P P ??? Pm1 m , s m.y1 m , s m. m , s m.q1 m m
Then R* is canonically isomorphic to R by Proposition 4.1; so R* is the
representati¨ e matrix ring of R.
  .. UFor example, the i, s i block P is as follows:is  i.
  ..Case 1 i / s i .
 .r i q 1^`_
X ??? X X* ??? X*
,??? ??? /X ??? X X* ??? X*
 .where X s e Re and X* s XrS X .i1 s  i.1
KADO AND OSHIRO394
  ..Case 2 i s s i .
 .r i q 1^`_
Q ??? Q Q* ??? ??? Q*¡ ¦
. . . .J . . . .. . . .
. . . .. . Q . .. . . .
. .. J Q* . ,. .
. . . .. . J* . .. . . .
. . . . . .. . . . . .. . . . . .¢ §J ??? J J* ??? J* Q*
 .  .  .where Q s e Re , J s e J R e , Q* s QrS Q and J* s JrS Q .i1 i1 i1 i1
In view of the representative matrix ring R*, we can intuitively look over
the structure of this ring.
 .We shall consider the representative matrix ring T R * of the dual ring
 .  . T R . Let T R be the dual ring of R and h , . . . , h , . . . , h , . . . ,11 1n1. m1
4h be as in Section 3; that is,m nm.
 .  .1 h T R is an injective module for i s 1, . . . , m.i1 T R.
 .  .  .  .2 h T R ( h T R for k s 2, . . . , n i .i, ky1 i k
 .   .  . .  .3 h T R , T R h is an i-pair if e R, Re is an i-pair.i1 k t i1 k t
 .  .4 h T R h s g Rg for i s 1, . . . , m.i1 j1 i j
 .  .  .UWe denote that the i, j block of the ring T R * by T R . Theni j
 .U  .  .T R is n i by n j matrix, and we have the following results:i j
  . .Case 1 j / s i and j / i .
A ??? A
U
T R s , . ???i j  /A ??? A
where A s g Rg .i j
  . .Case 2 j s s i and j / i .
 .r i q 1^`_
B ??? B B* ??? B*
U
T R s , . ??? ???i j  /B ??? B B* ??? B*
 .where B s g Rg and B* s BrS B .i s  i.
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  ..Case 3 i / s i .
U U ??? U
J U ??? UU . . .T R s , . i i . . .. . . 0
J J ??? U
 .where U s g Rg and J s g J R g .i i i i
  ..Case 4 i s s i .
 .r i q 1^`_
U ??? U U* ??? ??? U*¡ ¦
. . . .J . . . .. . . .
. . . .. . U . .. . . .
. .U . J U* .T R s , . i i . .
. . . .. . J* . .. . . .
. . . . . .. . . . . .. . . . . .¢ §
J ??? J J* ??? J* U*
 .  .  .where U s g Rg , J s g J R g , U* s QrS Q , and J* s JrS Q .i i i i
5. SELF-DUALITY
Now we shall study the question whether left H-rings have Nakayama
automorphisms. More explicitly, we raise the following three problems:
 .1 Problem A: Does every basic left H-ring have a Nakayama
isomorphism?
 .2 Problem B: Does every basic QF-ring have a Nakayama auto-
morphism?
 .3 Problem C: Does every basic left H-ring have self-duality?
Of course, Problems B and C are subproblems of Problem A. In this
section, we prove these problems to be equivalent ones.
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Let R be a basic left H-ring with a complete set Q s e , . . . ,11
4e , . . . , e , . . . , e of orthogonal primitive idempotents satisfying1n1. m1 m nm.
 .1 e R is injective for each i s 1, . . . , m.i1
 .  .  .2 J e R ( e R for each i s 1, . . . , m, k s 2, . . . , n i .i, ky1 i k
 .  .3 e R: Rg is an i-pair for each i s 1, . . . , m, where g s e .i1 i i s  i.r  i.
First we show the following theorem.
THEOREM 5.1. If R is homogeneous type, i.e., the representati¨ e row map
s is the identity permutation, then R has a Nakayama isomorphism. Therefore
these rings ha¨e self-duality.
 .Proof. Since R is homogeneous type, e R: Re is an i-pair fori1 i r  i.
 .i s 1, . . . , m. Then the representative matrix rings R* and T R * are as
follows:
 .Case 1 i / j .
e Re ??? e Rei1 j1 i1 j1
UR s .???i j  0e Re ??? e Rei1 j1 i1 j1
 .Case 2 i s j .
 .r i q 1^`_
U UQ ??? Q Q ??? ??? Q¡ ¦i i i i
. . . .J Q . . . . .i . . . .
. . . .. . Q . .i. . . .
. .UU . J Q Q . .R s ,i ii i . .
. . . .. . J Q * . . .i. . . .
. . . . . .. . . . . .. . . . . .
U¢ §J Q ??? J Q J Q * ??? J Q * Q .  .  .  .i i i i i
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U  .  .  .  .where Q s e Re , Q s Q rS Q , and J Q * s J Q rS Q .i i1 i1 i i i i i i
 .r i q 1^`_
U UU ??? U U ??? ??? U¡ ¦i i i i
. . . .J U . . . . .i . . . .
. . . .. . U . .i. . . .
. .UU . J U U . .T R s , . i ii i . .
. . . .. . J U * . . .i. . . .
. . . . . .. . . . . .. . . . . .
U¢ §J U ??? J U J U * ??? J U * U .  .  .  .i i i i i
U  .  .  .  .where U s e Re , U s UrS U , and J U * s J U rS U . Now byi i r  i. i r  i. i i i i i i
Proposition 4.1, we have isomorphisms
u s D : e Re ( e Re for all i , j.i j i r  i. , j r  j. i1 j1 i r  i. j r  j.
 .Let C be the homomorphism R* ª T R *, which is defined by the
componentwise correspondence by u . Then C is a ring isomorphismi j
 .  .R* ( T R *, which carries the identity of the ij, ij component of R* to
 .  .that of the ij, ij component of T R *. Let F and F be theR T R.
 .  .isomorphisms R ( R* and T R ( T R *, respectively, which are defined
y1  .in Section 4. Then the composite isomorphism F CF : R ( T R is aT R. R
Nakayama isomorphism.
LEMMA 5.2. Put e9 s e q e q ??? qe and R9 s e9Re9. If R is type11 21 m1
 .* , then R9 is a basic QF-ring with a complete set of orthogonal primiti¨ e
 4idempotents Q s e , e , . . . , e whose Nakayama permutation is11 21 m1
e ??? e11 m1 .e ??? e /s 1.1 s m.1
Proof. Clearly R9 is a basic QF-ring. We shall show that there exists an
X  .epimorphism R e ª S R9e . Since there exists an R-epimorphismi1 R9 s  i.1
 .  .  . Xf : Re ª S Rg and S e R s S Rg , the restriction map f : e9Re ªi1 i i1 i i1
 .  .  .  .e9S Rg is an R9-epimorphism. Since e9S Rg s e9S e R s S e R si i i1 i1
 .  .S Rg , we see that e9S Rg is simple as a left R9-module. Consider thei i
representative matrix ring R* of R. Then Re is isomorphic to somes  i.1
 .submodule of Rg , and so there exists an R-isomorphism c : S Rg ªi i
 . <S Re . And c 9 s c is also an isomorphism as an R9-module.SR g .s  i.1 i
 .  .Since e9S Rg is a simple left R9-module, e9S Re is the socle ofi s  i.1
 X .S R e as an R9-module. Then c 9f9 is the desired epimorphism.s  i.1
 X . w xTherefore e R9: R e is an i-pair by 21, Proposition 3.5 .i1 s  i.1
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 .PROPOSITION 5.3. If Problem B is true, any basic left H-ring R of type *
has a Nakayama isomorphism.
Proof. We use the same notations as in Sections 2 and 3. Since R is
 .  .type * , e R : Re is an i-pair for i s 1, . . . , m, and so g si1 s  i.ns  i.. i
e . In this case, by Proposition 4.1, the ring epimorphism D: P ª Rs  i.ns  i..
is an isomorphism, and so R* s P. By Proposition 3.3, we know that the
 .  .  .dual ring T R is also type * . Then the representative matrix ring T R *
 .of T R is the following;
T ??? T11 1m
T R s , . ??? 0T ??? Tm1 m m
where if i / j,
g Rg ??? g Rgi j i j
T s ,???i j  0g Rg ??? g Rgi j i j
and if i s j,
g Rg ??? ??? g Rgi i i i
. . .g J R g . . . .i i . . .T s .. .i i . .. . 0
g J R g ??? g J R g g Rg .  .i i i i i i
By Lemma 5.2, R9 s e9Re9 is a basic QF-ring and the Nakayama permuta-
 4tion of e , . . . , e is11 m1
e ??? e11 m1 ,e ??? e /s 1.1 s m.1
where e9 s e q ??? qe . From the assumption, there exists a ring auto-11 m1
 .morphism f : R9 ª R9 such that f e s e for i s 1, . . . , m. Then thei1 s  i.1
homomorphism u s D f :i j s  i.ns  i.., s  j.ns  j..
f m
e Re ª e Re ª e Rei1 j1 s  i.1 s  j.1 s  i.ns  i.. s  j.ns  j..
is an isomorphism of abelian groups for any i, j, where m s
D . In particular, u is a ring isomorphism such thats  i.ns  i.., s  j.ns  j.. i i
 .u e s g for any i.i i i1 i
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We shall define an extended homomorphism as follows:
u ??? ui j i j
F s : P ª T???i j i j i j 0u ??? ui j i j
and
F ??? F11 1m
F s : P ª T .??? 0F ??? Fm1 m m
We can easily check that u u s 0 for j / k and u u s u . Then F is ai j k s i j js i s
y1  .ring isomorphism. So FD : R ª T R is also a ring isomorphism such
 y1 . .that FD e s h for all ij.i j i j
PROPOSITION 5.4. Let S be a two-sided ideal of R that is simple as a left
ideal and as a right ideal. If R has a Nakayama isomorphism, then RrS also
has a Nakayama isomorphism.
We note that in this proposition, we may assume that R is indecompos-
able as a ring. Before proving, we prepare several lemmas. We put
R s RrS and r s r q S for r in R.
 .LEMMA 5.5. S s S e for some i.i1
 .  . jy1Proof. Since S ( S e R for some i and e R ( e J R : e R, wei j i j i1 i1
 .  .see that S ( S e . Since S is a two-sided ideal, we have S s S e .i1 i1
LEMMA 5.6. eRS s 0 and SRe s 0 for any e g Q such that e / e andi1
e / g . Consequently, eR and Re naturally become R-modules.i
 .  .Proof. Since Re rJ R e ( S Rg and R is basic, eRS s eS s 0 ifi1 i1 i
 .  .e / e . Since g Rrg J R ( S e R , SRe s Se s 0 if e / g .i1 i i i1 i
 .  .LEMMA 5.7. For any Rg , S e R Rg s S Rg .i j i j i j i j
Proof.
S e R Rg s S e R Rg rS Rg . .  .  .i j i j i j i1 jy1 i1
s S Rg [ S e R Rg rS Rg .  . .  . .jy1 i1 i j i1 jy1 i1
s S Rg Rg rS Rg s S Rg g rS Rg .  .  .  . .  .j i1 i1 jy1 i1 j i1 i1 jy1 i1
s S Rg rS Rg s S e R . .  .  .j i1 jy1 i1 i j
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 .LEMMA 5.8. 1 For g / g , Rg is an injecti¨ e R-module and, more-k l i1 k l
  ..o¨er, Rg ( E R rJ R .R k l R e ek l k l
 .  .  .  .2 J Rg is an injecti¨ e left R-module. Moreo¨er, J Rg ( E R .i1 R i1 R ek l
 .  .  .Proof. 1 Since S s S e R s S Rg , SRg s 0. So Rg is a lefti1 i1 k l k l
 .R-module. Since Rg is injective, Rg is also injective. As S Rg sR k l R k l R k l
 .S Rg , we also see thatR k l
Rg ( E R rJ R / /R k l R e ek l k l
 .  .  .  .2 Since SJ Rg s SJ R Rg s 0, J Rg is a left R-module. Ifi1 i1 i1
 .  .J Rg s 0, then we see that g s e and n i s 1. As Je s 0 andi1 i1 i1 i1
 .e R, Re is an i-pair, we also see that e J s 0. So e Re s 0 fori1 i1 i1 i1 jk
jk / i1. Therefore it follows that e R is a direct summand of R as ani1
ideal, which contracts the assumption that R is indecomposable as a ring.
 .So, J Rg / 0.i1
 .To show that J Rg is injective, let I be a left ideal of R and let c beR i1
 .a homomorphism I ª J Rg . Since Rg is injective, we have aR R i1 R i1
<homomorphism c *: R ª Rg such that the restrictions c * s c .IR R i1
 .  .  .Putting x s c 1 , we may show Rx : J Rg . If Rx s Rg , then S e R xi1 i1 i1
 .  .  .  .  .s S e R c 1 s c S e R s 0, whence S e R Rx s S e R Rg s 0; .i1 i1 i1 i1 i1
 .  .this is a contradiction cf. Lemma 5.7 . Therefore Rx : J Rg , as desired.i1
  ..   ..   ..   ..Next, as S J Rg s S J Rg , we see S J Rg ( Re rJ R ,R i1 R i1 R i1 R i1 ei1
and it follows that
J Rg ( E Re . .  .R i1 R i1
Now we put
G9 s Rg [ ??? [ Rg [ ??? [ Rg [ ??? [ Rg11 1n1. iy1, 1 iy1, n iy1.
[ J Rg [ Rg [ ??? [ Rg [ ??? [ Rg [ ??? [ Rg . .i1 i2 in i. m1 m nm.
  ..Then, as we saw above, G9 is a left R-module and G9 ( E RrJ R .R R
 .We put T 9 s End G9 and show the following;R
 .LEMMA 5.9. There is a ring isomorphism between TrS h T and T 9 thati1
gi¨ es a Nakayama isomorphism of R.
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Proof. We express T and T 9 as follows:
w x w x11, 11 ??? 11, i1 ??? 11, mn m .
. . . .. . . .. . . .
w x w xi1, 11 ??? i1, i1 ??? i1, mn m .T s ,
. . . .. . . .. . . . 0
mn m , 11 ??? mn m , i1 ??? mn m , mn m .  .  .  .
w x  .where ij, kl s Hom Rg , Rg .R i j k l
w x11, 11 ??? 11, J i1 ??? 11, mn m .  .
. . . .. . . .. . . .
J i1 , 11 ??? J i1 , J i1 ??? J i1 , mn m .  .  .  .  .T 9 s ,
. . . .. . . .. . . . 0
mn m , 11 ??? mn m , J i1 ??? mn m , mn m .  .  .  .  .
w x  . w  . x   . .where ij, kl s Hom Rg , Rg , J i1 , kl s Hom J Rg , Rg , andR i j k l R i j k l
w  .x  ..kl, J i1 s Hom Rg , Rg .R k l i1
 .By Proposition 3.3, h T : Th is an i-pair. So, in T ,i1 s  i.r  i.
 .  .s i r i^`_
0 ??? 0 0 0 ??? 0¡ ¦
. . . . .. . . . .. . . . .
0 ??? 0 0 0 ??? 0
S h T s , . 0 ??? 0 X 0 ??? 0i1
0 ??? 0 0 0 ??? 0
. . . . .. . . . .. . . . .¢ §
0 ??? 0 0 0 ? 0
 w x  .  .4where X s a : a g Hom Rg , Rg , Im a : S R .R i1 s  i.r  i. s  i.r  i.
 .Now, we define a mapping f from T to T 9 as follows:st, k l
w x w  . xCase 1. For g / g , we define f : Rg , Rg ª J Rg , Rg byk l i1 i1, k l i1 k l i1 k l
 . <f a s a . Then f is a homomorphism as abelian groups.J R g .i1, k l i1, k li1
w  . xTo show f is an isomorphism, let b g J Rg , Rg . Consider thei1, k l i1 k l
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diagram




where i is the inclusion map. Since Rg is injective, there exists a suchk l
<that a s b. Thus f is an epimorphism. To show f isJ R g . i1, k l i1, k li1
 . <a monomorphism, assume f a s a s 0 and a / 0. ThenJ R g .i1, k l i1
 .  .  .  .  .Ker a s J Rg . Since Im a ( Rg rJ Rg , we see that Im a si1 i1 i1
 .  .  .S Rg . By Proposition 3.2, Rg rJ Rg ( S Rg , and hencek l i1 i1 s  i.r  i.
 .  .S Rg ( S Rg , and it follows Rg ( Rg . So g s g , ak l s  i.r  i. k l s  i.r  i. k l s  i.r  i.
contradiction. Thus a s 0 and hence f is a monomorphism.i1, k l
w x w  .xCase 2. For g / g , we define f : Rg , Rg ª Rg , J Rg byk l i1 k l, i1 k l i1 k l i1
 .f a s a . This is well defined, since R \ R . Clearly f is ank l, i1 k l i1 k l, i1
isomorphism as abelian groups.
w x w  .  .xCase 3. For g / g , we define f : Rg , Rg ª J Rg , J Rgk l i1 i1, i1 i1 i1 i1 i1
 . <by f a s a . We can also see as above that f is an isomor-J R g .i1, i1 i1, i1i1
phism as abelian groups.
w xCase 4. For g s g , we define f : Rg , Rg ªk l s  i.r  i. i1, s  i.r  i. i1 s  i.r  i.
w  . x  . <J Rg , Rg by f a s a . We can see that fJ R g .i1 s  i.r  i. i1, s  i.r  i. i1, s  i.r  i.i1
 .  w xis an epimorphism as above and Ker f s a g Rg , Rg :i1, s  i.r  i. i1 s  i.r  i.
 .  .4Im a : S Rg . So, f induces an isomorphisms  i.r  i. i1, s  i.r  i.
Rg , Rg rKer f ( J Rg , Rg . . .i1 s  i.r  i. i1, s  i.r  i. i1 s  i.r  i.
 .Note that X s Ker f / 0 by Proposition 4.1.i1, s  i.r  i.
w x w xCase 5. For other g , g , we define f : Rg , R ª Rg , R ask l st k l, st k l st k l st
the identity map. Here consider the componentwise map
f ??? f11 , 11 11, m nm.
f s : T ª T 9.??? 0f ??? fm nm. , 11 m nm. , m nm.
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For f and f , we see that f f s f . Therefore, f is ap q, k l k l, st p q, k l k l, st p q, st
ring epimorphism and
 .  .s i r i^`_
0 ??? 0 0 0 ??? 0¡ ¦
. . . . .. . . . .. . . . .
0 ??? 0 0 0 ??? 0
Ker f s , . 0 ??? 0 X 0 ??? 0
0 ??? 0 0 0 ??? 0
. . . . .. . . . .. . . . .¢ §
0 ??? 0 0 0 ? 0
 .where X s Ker f . Therefore f induces an isomorphism f9 fromi1, s  i.r  i.
 .TrS h T to T 9.i1
Next we shall show that R also has a Nakayama isomorphism. Let h ;i j
 .4i s 1, . . . , m, j s 1, . . . , n i be the matrix units of T. By the assumption,
 .there exists an isomorphism F: R ¬ T such that F e s h for all ij.i j i j
 .  .We see that F e s g , i s 1, . . . , m, since the identity of the i1, i1i1 i1
 .component of T is g . Since F transfers the ik, jt component of R toi1
 .the ik, jt component of T , we have a key result that F transfers
 .  .s i r i^`_
0 ??? 0 0 0 ??? 0¡ ¦
. . . . .. . . . .. . . . .
0 ??? 0 0 0 ??? 0
0 ??? 0 S e R 0 ??? 0 .i1
0 ??? 0 0 0 ??? 0
. . . . .. . . . .. . . . .¢ §
0 ??? 0 0 0 ? 0
onto
 .  .s i r i^`_
0 ??? 0 0 0 ??? 0¡ ¦
. . . . .. . . . .. . . . .
0 ??? 0 0 0 ??? 0 .
0 ??? 0 X 0 ??? 0
0 ??? 0 0 0 ??? 0
. . . . .. . . . .. . . . .¢ §
0 ??? 0 0 0 ? 0
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 .Therefore F induces an isomorphism F9: R ª TrKer f , and f9F9:
R ª T 9 is the desired Nakayama isomorphism.
We are now in a position to show our second theorem.
THEOREM 5.10. If e¨ery basic QF-ring has a Nakayama automorphism,
then e¨ery basic left H-ring has a Nakayama isomorphism.
w xProof. Let R be a basic left H-ring. By 23, Theorem 2 , there are basic
left H-rings T , T , . . . , T and ring epimorphisms f : T ¬ T , f : T ¬1 2 n 1 1 2 2 2
 .T , . . . , f : T ¬ R such that T is type * and Ker f is a simple two-sided3 n n 1 i
 .ideal of T for i s 1, . . . , n. Since T is type * , T has a Nakayamai 1 1
isomorphism by Proposition 5.1. Since T rKer f ( T for each i ) 1iy1 i i
and T rKer f ( R, R has a Nakayama isomorphism by Proposition 5.4.n n
 .For later use, we shall define an extended ring W R of a given lefti
H-ring R. Let R be a basic left H-ring and let Q s e , . . . ,11
4e , . . . , e , . . . , e be a complete set of orthogonal primitive idem-1n1. m1 m nm.
potents as in Section 3. Furthermore, let R* be the representative matrix
ring of R. R* is represented as block matrices as follows:
RU ??? RU11 1m
. .. ??? .R* s ,. .
U U 0R ??? Rm1 m m
U  . U U  .where R s P for j / s i and R s P see Section 4 .i j i j is  i. is  i.
Here, adding one row and one column to R*, we make an extended
 .matrix ring W R of R as follows:i
RU ??? ??? RU Y RU ??? RU¡ ¦11 1 i 1 1, iq1 1m
. . . . .. . . . .. . . . .
U U U UR ??? ??? R Y R ??? Ri1 i i i i , iq1 im
X ??? X X Q X ??? X ,1 iy1 i iq1 m
U U U UR ??? ??? R Y R ??? Riq1, 1 iq1, i iq1 iq1, iq1 iq1, m
. . . . .. . . . .. . . . .
U U U U¢ §R ??? ??? R Y R ??? Rm1 mi m m , iq1 m m
U  .where X is the last row of R k s 1, . . . , m, k / i , Y is the last columnk ik k
U  .  U U  U ..of R k s 1, . . . , m , X s P ??? P J P , and Q sk i i in i., i1 in i., in i.y1 in i., in i.
PU .in i., in i.
 .Then W R naturally becomes a ring by operations of R*. We call thisi
the ith extended ring of R.
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 .  .  .  .  .EXAMPLE. Case m s 2, n 1 s 1, n 2 s 2, s 1 s 2, s 2 s 2, r 1
 .s 2, r 2 s 1:
e Re e Re e Re11 11 11 21 11 21
U e Re e Re e Re rS e Re .R s 21 11 21 21 21 21 21 21 0e Re J e Re e Re rS e Re .  .21 11 21 21 21 21 21 21
e Re e Re e Re e Re11 11 11 11 11 21 11 21
J e Re e Re e Re e Re .11 11 11 11 11 21 11 21
W R* s .1 e Re e Re e Re e Re rS e Re .21 11 21 11 21 21 21 21 21 21 0
e Re e Re J e Re e Re rS e Re .  .21 11 21 11 21 21 21 21 21 21
e Re e Re e Re e Re11 11 11 21 11 21 11 21
e Re e Re e Re rS e Re e Re rS e Re .  .21 11 21 21 21 21 21 21 21 21 21 21
W R* s . .2 e Re J e Re e Re rS e Re e Re rS e Re .  .  .21 11 21 21 21 21 21 21 21 21 21 21 0e Re J e Re J e Re rS e Re e Re rS e Re .  .  .  .21 11 21 21 21 21 21 21 21 21 21 21
 .PROPOSITION 5.11. W R is also a left H-ring such that the representati¨ ei
row map and the representati¨ e column map are the same as those of R.
 .Therefore, if W R has a Nakayama isomorphism, R also has a Nakayamai
isomorphism.
 .Proof. Let h be the matrix of R* such that the ij, ij component isi j
 .unity and other components are zero, and let w be the matrix of W Ri j i
 .such that the ij, ij component is unity and other components are zero.
 .  .Note that the size of the columns in W R is n i q 1. Let C be thei
natural embedding homomorphism
RU ??? RU11 1m
. .. ??? .. .
U U 0R ??? Rm1 m m
6
C
U U U UR ??? ??? R 0 R ??? R¡ ¦11 1 i 1, iq1 1m
. . . . .. . . . .. . . . .
U U U UR ??? ??? R 0 R ??? Ri1 i i i , iq1 im
,0 ??? 0 0 0 0 ??? 0
U U U UR ??? ??? R 0 R ??? Riq1, 1 iq1, i iq1, iq1 iq1, m
. . . . .. . . . .. . . . .




where RU ª RU are identity maps for all i, j. Since C is a monomorphismi j i j
 .   ..and C h s w for all kt, we can easily see that J w W R (k t k t k , ty1 i
 .  .   ..w W R for k s 1, . . . , m, t s 2, . . . , n k . In particular, J w W R (k t i in i. i
 .  .  .w W R . Next, since w W R w s C h R*h si, n i.q1 i k1 i s k .r k . k1 s k .r k .
 .  .   ..e Re s S h R* s S R*h , we see that S w W R sk1 s k .1 k1 s k .r k . k1 i
 .   . .   ..w W R w s S W R w , S w W R w / 0, andk1 i s k .r k . i s k .r k . k1 i s k .r k .
  . .w S W R w / 0. Therefore,k1 i s k .r k .
w W R rJ w W R ( S w W R , .  .  . . .s k .r k . i s k .r k . i k1 i
W R w rJ W R w ( S W R w . .  .  . . .i s k .r k . i s k .r k . i k1
Thus, by Proposition 3.2, we have that
 .  .1 w W R is injective for k s 1, . . . , m,k1 i
 .   .  . .2 w W R : W R w is an i-pair for k s 1, . . . , m.k1 i i s k ., r k .
 .We can easily check that the dual ring of W R is just the extendedi
  ..  .   ..matrix ring W T R . Therefore, if F: W R ª W T R is a Nakayamai i i
 .   ..isomorphism and C : T R ª W T R is the embedding homomor-T R. i
 .phism of T R ,
Cy1T R .C Fy1C FC : R* ª W R ª T W R ª T R .  .  . .T R. i i
 .induces a Nakayama isomorphism from R to T R .
Now by using extended matrix rings, we shall show the next theorem.
THEOREM 5.12. If e¨ery basic left H-ring has self-duality, then e¨ery basic
left H-ring has a Nakayama isomorphism.
Proof. We assume that all notations here are as above. Recall that
 4Q s e , . . . , e , . . . , e , . . . , e is a complete set of orthogonal11 1n1. m1 m nm.
primitive idempotents of a left H-ring R such that
 .1 e R is injective for i s 1, . . . , m,i1
 .  .  .2 J e R ( e R for i s 1, . . . , m, k s 2, . . . , n i ,i, ky1 i k
 4and F s h , . . . , h , . . . , h , . . . , h is a complete set of orthogo-11 1n1. m1 m nm.
 .nal primitive idempotents of the dual ring T R . We want to prove that
 .  .there exists an isomorphism F: R ª T R such that F e s h for alli j i j
e . To prove this, we can assume by Proposition 5.9 thati j
n 1 - n 2 - ??? - n m ??? ) . .  .  .  .
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 .By the assumption, there exists a ring isomorphism F : R ª T R . Put1
X  .  X X X X 4h s F e for all ij. Then h , . . . , h , . . . , h , . . . , h is also ai j 1 i j 11 1n1. m1 m nm.
 .complete set of orthogonal primitive idempotents of the dual ring T R
such that
 . X  .1 h T R is injective for i s 1, . . . , m,i1
 .  X  .. X  .  .2 J h T R ( h T R for i s 1, . . . , m, k s 2, . . . , n i .i, ky1 i k
 .  .Then there exists an inner automorphism F : T R ª T R such that2
F hX , . . . , F hX , . . . , F hX , . . . , F hX .  . 4 .  .2 11 2 1n1. 2 m1 2 m nm.
s h , . . . , h , . . . , h , . . . , h . 411 1n1. m1 m nm.
 . X  .Considering the injective modules h T R , h T R and the relation of thei1 i1
 .  X .length ) , we see that F h s h . Accordingly, we have a desired ring2 i j i j
 .isomorphism F s F F such that F e s h for all e . This completes2 1 i j i j i j
our proof.
Finally, if we restrict our arguments to Nakayama rings, we see that the
following conditions are equivalent:
 .1 Every basic Nakayama ring has a Nakayama isomorphism.
 .2 Every basic QF-Nakayama ring has a Nakayama automorphism.
 .3 Every basic Nakayama ring has self-duality.
w x  .As Haack's statement 25, Proposition 3.2 is just 2 above, we can confirm
self-duality of Nakayama rings from our point of view:
COROLLARY 5.13. Nakayama rings are self-dual.
Furthermore, if we restrict our argument to finite-dimensional algebra
over a field, we confirm the following:
COROLLARY 5.14. Basic QF-algebras o¨er a field ha¨e Nakayama auto-
morphisms.
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